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Abstract: A single nucleotide polymorphism or SNP is a site of the genome
where variation occurs within a population. Almost all SNPs have only two alleles
(variants). In this work, we consider a statistical method based on a likelihood
ratio test to detect these SNPs. We will also present some initial results of the
analysis of real genome sequence data.
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1 Introduction
The biological information contained in a genome of an animal is encoded
in its deoxyribonucleic acid (DNA). The genome of a diploid animal can be
thought of as a sequence of pairs of nucleotides. There are four nucleotides,
denoted by A, C, G and T. DNA contains two strands wrapped around
each other in a helix, and these strands are held in place by nucleotides.
A single nucleotide polymorphism or SNP is a DNA sequence variation
occurring when a single nucleotide - A, T, C or G - in the genome differs
within population members. (Figure 1).
FIGURE 1.
In general, there are two variant nucleotides (alleles) at such sites. The
least (most) common of these two alleles is called the minor allele (major
allele, respectively).
2 A test for detection of SNPs
Genome sequencing includes methods and technologies that are used for
determining the order of these pairs of nucleotide (bases) along the se-
quence. Suppose a read of a site is made (a site is a specific position in the
sequence of a given individual, i.e. corresponds to a nucleotide pair). It is
assumed that one of the two nucleotides in the pair is chosen at random.
A read should be understood as the inferred type of the nucleotide chosen
(A, C, T or G). Note that multiple reads of a site are possible. An error
is made when this inferred type does not correspond to the actual type.
An estimate of the probability of error is assigned to each read made. At
a large majority of sites, each individual in a population has two copies of
the same nucleotide. It should be noted that the genome sequencer only
reads the left hand side of the strand. Once the nucleotide on the left hand
side is indicated, the other nucleotide on the right hand side is known (if
the left is A, the right is T and if the left is C, the right is G and vice
versa).
Initially we consider a particular site under a model where there are just
two possible alleles. Assume we know from which individual any read comes
from. Suppose there are n individuals. As the number of reads varies be-
tween different individuals, let mi be the realisation of the number of reads
for individual i, and xi = (xi,1, xi,2, ..., xi,mi) be the vector of reads for
individual i. As said before, the genome sequencer can read a base (nu-
cleotide) incorrectly. Let pˆi=(pˆi,1, pˆi,2, ..., pˆi,mi) be the vector of estimates
of the probability of error. Note that these estimates of the probability of
error are externally calculated (using the software installed in the genome
sequencer). It is assumed that the number of reads for a site has a poisson
distribution. It should be noted that the likelihood test defined below is
based on the conditional likelihood given the number of reads for each in-
dividual. Thus, the number of reads takes the form of an ancillary statistic
(see Lehmann, 1986, Chapter 10, Section 2).
The major allele at a site is assumed to be the allele with the largest total
number of reads. When the minor allele is relatively rare, the major allele
will be correctly determined with probability close to 1. On the other hand,
when the minor allele is relatively common, any sensible test will detect it
with a probability close to 1. Hence, for practical purposes we may ignore
the possibility of calling the wrong allele as the major allele. We adapt the
likelihood ratio test for detecting SNPs proposed by Futschik & Ramsey
(2012).
2 The test
Consider a simplified model in which it is assumed that only two alleles can
be read at a site. As said before, the one allele with the largest number of
reads is defined to be the major allele. Let γ denote the relative frequency
of the minor allele. We first wish to test the following hypothesis for each
site,
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H0: The site is not a SNP, i.e. γ = 0,
HA: The site is a SNP, i.e. γ > 0.
We let Ii,j = 1 if the j-th read from individual i indicates the major allele
and Ii,j = 0 otherwise. Now we can define Li(0), the likelihood of the
sequence of reads under the null hypothesis, γ = 0, for individual i by,
Li(0) =
∏
j:Ii,j=1
(1− pˆi,j)
∏
j:Ii,j=0
pˆi,j ,
where 1 ≤ j ≤ mi. Note that under H0 a read is an error if and only if it
does not indicate the major allele.
Therefore, under H0 the likelihood for the whole sample is,
L(0) =
n∏
i=1
Li(0) =
n∏
i=1
( ∏
j:Ii,j=1
(1− pˆi,j)
∏
j:Ii,j=0
pˆi,j
)
.
If we only have reads of one nucleotide (variant) at a site, obviously we
cannot reject H0.
Assume that there is a minor allele of relative frequency γ, where γ > 0. In
this case, the probability of a read from an individual indicating a minor
allele depends on the genotype of that individual (i.e. on the number of
minor alleles that individual i has at the site considered, denoted Ai).
Note that Ai has a binomial distribution with parameters 2 and γ. Assume
that the genotype is given by MM (homozygote with 2 copies of major
allele, Ai=0), or Mm (heterozygote with 1 copy of minor allele and 1 copy
of major allele, Ai=1) or mm (homozygote with 2 copies of minor allele,
Ai=2). For example, given the genotype is Mm, the minor allele is sampled
with probability 0.5. The probability that the minor is sampled and it is
read correctly is thus 0.5(1 − pˆi,j), and the probability that the minor is
sampled and it is read wrongly (as a major allele) is 0.5(pˆi,j).
Let qj(a) be the probability that the j-th read indicates the prospective
minor allele given that it comes from an individual with a minor alleles
in their genotype. For small pˆi,j , we have qj(0) = pˆi,j , qj(1) = 0.5 and
qj(2) = 1 − pˆi,j . Using the law of total probability, the likelihood of the
reads from individual i given the minor allele frequency is given by,
Li(γ) =
2∑
ai=0
( 2
ai
)
γai(1− γ)2−ai
∏
j:Ii,j=1
[1− qj(ai)]
∏
j:Ii,j=0
qj(ai)
 .
Multiplying the likelihoods for each individual we obtain,
L(γ) =
n∏
i=1

2∑
ai=0
( 2
ai
)
γai(1− γ)2−ai
∏
j:Ii,j=1
[1− qj(ai)]
∏
j:Ii,j=0
qj(ai)
 .
4 A test for detection of SNPs
Let S =
max0≤γ≤0.5 L(γ)
L(0) . Since this maximisation is carried out numerically,
we may assume that γ ∈ {0, 12n , 22n , . . . , n2n}. Suppose the maximum is
achieved at γ = pˆ = l2n . The maximum likelihood estimate of the total
number of minor alleles in the n genotypes is l. We now consider a method
of testing whether a particular site is a SNP.
2.1 The likelihood ratio test
We use the likelihood ratio statistic T = 2 lnS. Using standard asymptotic
theory, this statistic will have approximately a chi-square distribution with
one degree of freedom. A p-value for this test can thus be calculated under
this assumption. However, the minor allele frequency under H0 is at the
border of the state space and so this approximation may well not be appro-
priate. Simulations indicate that the test described above is conservative
and estimation of the critical value via Monte Carlo simulation does not
significantly improve the power of the test.
It should be noted that this test is carried out for each site. Hence, we
should employ a multiple testing procedure, e.g. the Benjamini-Hochberg
(1995) procedure. According to this procedure, we arrange the p-values
for each of the n sites in order from the smallest to the largest. Let p(i)
denote the i-th smallest p-value. Let the nominal significance level be α.
Suppose l is the largest value such that p(l) ≤ αln . We accept that the l
sites corresponding to the smallest p-values are SNPs and the remaining
sites are not SNPs. Using such a procedure, the false discovery rate (FDR)
(i.e. here the expected proportion of detected SNPs which are in fact not
SNPs) will be ≤ α. It should be noted that the actual FDR depends on the
true distribution of the number of reads.
2.2 Adaption of the test: four possible variants at a site
Consider the case in which all four possible alleles (variants) may occur. In
this case, calculation of L0 is straightforward because under H0 (no minor
allele) any variant other than the major allele is assumed to be an error.
Therefore, once the major allele - the allele with the largest number of reads
- is detected, we can calculate L0 using the same procedure introduced in
section 2.
When i non-major alleles are read at a site, then i likelihood ratio statis-
tics may be calculated (one for each non-major allele) using an approach
analogous to the one given above. The prospective minor allele is the one
for which the greatest likelihood ratio is obtained and the test based on
this ratio.
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3 The results of the analysis of real genome sequence
data
Statistical analysis were performed on a sample of 60000 sites of real genome
sequence data. We used a multiple testing procedure (Benjamini-Hochberg)
and calculated the p-values for each site. Based on these results we found
that out of 60000 sites, 177 sites are SNPs. It means that the proportion
of detected SNPs in this sample is 0.00295 or approximately 0.003.
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